I. INTRODUCTION
Nonlinear optical phenomena occur when the optical properties of a medium depend on the intensity of coherent light traveling through it. The altered absorption or refractive index affects either the laser beam itself or other beams that probe the local environment. In linear optics, light traveling through media induces an oscillating polarization that is linear with its electromagnetic field. In nonlinear optics, coherent light can distort the oscillating polarization; Fourier components of these distortions can create or enhance new fields that then radiate from the oscillating nonlinear polarization.
Nonlinear optics has reached consumer application with the green laser pointer ͑Fig. 1͒, which consists of a nonlinear potassium titanyl phosphate ͑KTP͒ crystal that creates second-harmonic from a laser consisting of a neodymiumdoped vanadate crystal that is pumped by a laser diode. The second-order optical nonlinearity converts the infrared 1064 nm Nd laser line to 532 nm wavelength, which is visible in the green.
A second consumer item based on nonlinear optics is shown in Fig. 2 . The 3D display inside the glass block is produced by laser damage that is created by complex nonlinear optical processes.
Beyond enabling a few consumer products, nonlinear optics has been a fascinating field to explore in its own right. It has produced many interesting phenomena, some of which occur naturally and limit the laser power that can be used in practical applications. This is particularly true in optical-fiber communications where long lengths enable small nonlinear effects to build up over distances.
Geometries can be tailored so that the nonlinearities produce useful effects. Harmonic generation, already mentioned, can be generalized to include sum-and differencefrequency generation ͑DFG͒, with multiple harmonics extending all the way through the UV. Third-order nonlinearities produce a nonlinear refractive index that can lead to soliton pulses in time or spatial solitons, or even continuum wavelength generation from today's femtosecond lasers. Indeed, third-order nonlinearities are a key to effectively mode-locking femtosecond lasers. Four-wave mixing ͑FWM͒ in laser amplifiers enables frequency conversion used for wavelength division multiplexing in optical communications. Nonlinear absorption can create transparent material from initially absorbing materials or can create absorptive materials out of initially transparent materials ͑which can protect sensitive detectors by limiting how much optical power is transmitted͒. Stimulated Raman amplifiers and lasers create coherent light at new wavelengths, as do nonlinear optical parametric amplifiers and oscillators. Four-wave mixing and stimulated Brillouin scattering ͑SBS͒ both can produce phase-conjugate signals that enable wave-front correction.
Perhaps the greatest impact of nonlinear optics is in the science of spectroscopy, where new techniques have provided hitherto unheard of resolution, enabling new physics and chemistry. This is attested to by the five Nobel Prizes given for such research.
Reviews of Modern Physics Physical Review B Journal of Chemical Physics Journal of Applied Physics
In addition to these optics and physics-based journals, specific topics in nonlinear optics are published in a wide variety of other journals, extending from theoretical physics to electrical engineering, from materials to chemistry ͑particu-larly polymer chemistry͒, and as applications in such fields such as biology, materials processing, and spectroscopy. Finally, a few important nonlinear optics papers will be found in a variety of review journals, too varied to list here, such as those found in the citations in Sec. III.
B. Books
Readers have the option to peruse an entire textbook or handbook specializing in nonlinear optics or to explore specific chapters on nonlinear optics in more general textbooks and handbooks that cover optics and lasers ͑sometimes called photonics͒. Over 40 books have been published on nonlinear optics ͑not including those related to specific applications͒, most of which I have evaluated. Here are listed only those I believe will be of greatest value in teaching the principles of this subject. Thus the list does not include some historically important books, because newer texts include more recent developments and use more up-to-date units. The list also omits compendia of papers since these have limited success as learning tools. Contains separately written chapters that cover most of the specific topics in nonlinear optics discussed in this paper. ͑I͒
Textbooks and handbooks specializing in nonlinear optics

Physics of Nonlinear
Monographs on specific nonlinear optics topics
Optical nonlinearities have become particularly important in cases of extremely long lengths, extremely high optical intensities, or in semiconductors, where collective behavior within bands produces unusually large nonlinearities. The first case involves glass fibers, where kilometer lengths compensate for very small nonlinearities at low laser powers. The second is made possible by extremely short pulse lasers providing very high instantaneous intensities. Taken to its limits, nonlinear optics has enabled lasers in the visible regime to generate x rays, among other exciting phenomena. Semiconductors, particularly quantum wells, have optical nonlinearities that are particularly large; absorption of light causes electrons to fill available states or to move within internal electric fields.
Specialized monographs are available on a wide variety of topics, such as quantum theory of optical nonlinearities, optically nonlinear polymers, photorefractivity, optical phase conjugation, nonlinear spectroscopy, and biomedical nonlinear microscopy. The list is too long to include here and will probably interest only those who are researching those specific areas. Search engines on the web can find such books, given appropriate key words. 
Nonlinear Fiber
C. Conference proceedings
Conference proceedings do not generally provide information in nonlinear optics that is richer than in published journal papers. The list of topics presented at conferences gives a snapshot of what is currently of interest, but archival journals are likely to be of greater research use. Four organizations provide conferences that cover topics in nonlinear optics. The Optical Society of America ͑OSA͒ has a primary focus on optics and lasers and is a member of the American Institute of Physics. It has an annual meeting called Frontiers in Optics. The electrical engineering side of nonlinear optics is supported by the IEEE Photonics Society ͑previously called LEOS-Lasers and Electro-Optics Society͒, which has its own annual conference. Both societies regularly have topical meetings that sometimes explore topics in nonlinear optics. Information on such meetings can be found by exploring their websites at the addresses given below.
The premier international forum for scientific and technical optics that includes sections on nonlinear optics is the Conference on Lasers and Electro-optics: Laser Science to Photonic Applications ͑CLEO͒. This conference is held in conjunction with the Quantum Electronics and Laser Science ͑QELS͒ Meeting, which is the annual meeting of the Quantum Electronics and Laser Division of the American Physical Society.
The fourth society in the field of lasers and optics is SPIE, which arranges conferences in engineering and applications of optics. They have occasionally technical sessions in nonlinear optics, but this is not a major focus of this society. 
15.
The Conference on Lasers and Electro-Optics website:
͗http://www.cleoconference.org͘
D. Online resources
Two important websites listed below are reliable and describe each of the major nonlinear optics phenomena in terms that should be understandable to undergraduates. The rest of the web sources are online nonlinear optics course material accessed in July 2010. Several websites present slides on nonlinear optics that are introductory and might serve as outlines that could be supplemented by other written material. 
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III. SPECIFIC TOPICS IN NONLINEAR OPTICS
This section lists mostly reviews rather than original research papers, because the field has been so fast-moving, with so many parallel discoveries, that in most cases the initial papers will not be the most enlightening. For quick overviews of each of these specific topics readers are encouraged to look at the online encyclopedia in Ref. 19. 27. "Recent advances in nonlinear optics," Y. R. Shen, Rev.
Mod. Phys. 48, 1-32 ͑1976͒. A fairly complete review of nonlinear optics as of 1976, by which time much of the basic research had been completed; includes the basics of harmonic generation, nonlinear scattering ͑stimulated Raman and Brillouin͒, and nonlinear spectroscopy. ͑I͒
A. Second-order nonlinearities in transparent media
Second-order nonlinearities occur in media that have no center of inversion symmetry and are usually assumed nonabsorbing ͑or weakly absorbing͒. Nonlinearity in the susceptibility owing to high incident light fields drives new frequencies. The most common effect is the generation of second-harmonic, which doubles the frequency ͑halves the wavelength͒, but higher-order harmonics can occur as well. In analogous fashion, two incident beams with different frequencies can interfere and the second-order nonlinearity can provide light at the sum frequency. Successful energy conversion requires matching the phases of the incident waves and the generated wave.
The second-order nonlinearity can also generate a beam at the difference frequency. This is the origin of optical parametric amplification ͑OPA͒ and also optical parametric oscillation ͑OPO͒ when a second-order nonlinear medium is placed inside a resonant cavity.
Second-harmonic generation (SHG) or frequency doubling
Tutorial reviews cited here are followed by early research reviews. References 35-40 introduce some applications; in so doing, they give useful introductions to the field from varying points of view. 
Quasi-phase-matching
Achieving sizable frequency mixing requires phasematching. The original technique exploited natural birefringence in nonlinear anisotropic crystals, by propagating the light in a particular direction through the crystal. This approach was briefly explained in the references in the last section, but Ref. 41 provides the details necessary to fully understand phase-matching of anisotropic crystals. Fortunately, commercial vendors have worked out these geometries and sell the proper orientation of crystals to achieve phase-matching, so that only a few materials researchers will need to understand these details.
An important alternative is quasi-phase-matching, which does not require anisotropic crystals. In quasi-phasematching, the direction of the nonlinear tensor is reversed every time the phase mismatch begins to approach . This technique has turned out to be used in a great many of the second-harmonic generation applications. 
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Difference Frequency Generation (DFG)
The second-order nonlinearity can generate light at a frequency that is the difference between two other frequencies. This has become useful to generating waves at terahertz frequencies, an important new field of study. 
Optical parametric amplification (OPA) and oscillation
OPA is a form of DFG in which a higher-frequency pump wave p can amplify a signal at lower frequency s , at the same time generating an "idler" wave at frequency i such that p = s + i . Optical parametric oscillation occurs when an OPA is placed inside a cavity resonant at the signal or idler frequencies. The usefulness of these processes is their tunability. In wavelength regions where no tunable lasers exist, the OPO can provide coherent light. As with any oscillation, OPOs emit only above a certain threshold of input laser light. Because their threshold tends to be high, most practical OPOs use pulsed light, and they become particularly useful when pumped by ultrafast lasers. 
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B. Third-order and higher nonlinearities in transparent media
Third-order nonlinearities arise from expanding the nonlinear susceptibility to third order in the electric field. These nonlinearities do not require a center of inversion symmetry, so they occur in all materials: gases, liquids, glasses, and crystals. Third-order nonlinearities create both the thirdharmonic and an intensity-dependent change in the refractive index. The extension from second-to third-harmonic is relatively straightforward, at least in concept. The major use of these higher-order harmonics is to reach ultraviolet wavelengths, where there are no lasers.
"3rd-order optical susceptibilities of liquids and solids,"
R. W. Hellwarth, Prog. Quantum Electron. 5, 1-68 ͑1977͒. An extensive analysis of the effects created by the third-order nonlinearity. ͑I-A͒ 56. "Optical third-harmonic generation in alkali-metal vapors," R. B. Miles and S. E. Harris, IEEE J. Quantum Electron. QE-9, 470-484 ͑1973͒. Theoretical only, this paper provides a comprehensive introduction to thinking about higher-order nonlinearities. ͑A͒
High harmonic generation (HHG) and extreme nonlinear optics (ENO)
Since third-order nonlinearities are small, the efficiency of conversion to third-harmonic is usually quite small unless the laser intensity is very high. In this case, even higherorder harmonics are readily seen. When the electric field strength of the light is high enough, optical nonlinearities can generate multiple orders with light having frequencies much greater than the original ͑typically 100-1000 times greater͒. This is done using femtosecond pulses; proper phasing of the harmonics can lead to extremely short extremely intense pulses, approaching attoseconds long ͑10 −18 s͒. The Taylor expansion that initially defined orders of nonlinearity breaks down, resulting in the regime of extreme nonlinear optics. All of the following papers are recommended to learn about this field, which physics students may find very exciting: 
C. Nonlinear refractive index
The third-order nonlinearity produces a term that provides a nonlinear refractive index. This is sometimes called the optical Kerr effect ͑OKE͒ because the square of the light's electric field causes the change in refractive index. ͑The ordinary Kerr effect is a refractive index change that depends quadratically on applied electric field.͒ The first two papers describe some general principles and the rest describe nonlinear refractive index in particular media. 
"Dispersion of bound
Four Wave Mixing (FWM)
Through the nonlinear refractive index, three input waves couple and produce a different output wave. In principle these waves may have any frequency, intensity, or direction, subject to conservation of energy and momentum. When the frequencies are the same, it is called degenerate four-wave mixing ͑DFWM͒. A common FWM geometry involves two intense pump beams interfering in a nonlinear medium to form a refractive index grating. A fourth beam results when a third beam is diffracted off this grating, offering a geometry with background-free measurements. The first two references review the concept and the next two show how it is useful for spectroscopy.
DFWM is the origin of photorefractive phase conjugation, discussed in a chapter of a dissertation on fullerenes. A section below in this Resource Letter will describe more about photorefractive effect and phase conjugation.
Four-wave mixing of pulses in fibers is the source of selfphase modulation ͑SPM͒ and frequency mixing in fibers that can confound signals in long-distance fiber telecommunications. This will be discussed in a separate section on fibers. Finally, FWM in laser amplifiers has been suggested as a means for frequency conversion, important in some telecommunication applications, as suggested in Ref. 74. This is understood by including laser gain as an imaginary term in the analysis of the nonlinear susceptibility. ͑The imaginary term for gain is minus the imaginary term for loss.͒ 
"Four
Two-wave mixing (two-beam coupling)
Two-wave mixing is a form of degenerate four-wave mixing in which the grating caused by the optical nonlinearity diffracts power from one beam into the other. This can only occur if the nonlinear refractive index grating becomes displaced laterally from the intensity grating. This happens when photoinduced carriers move within the material. This occurs naturally in photorefractive materials ͑electro-optic crystals that have static internal fields͒, such as barium titanate, or when a lateral external field is applied to electro-optic semiconductors or polymers, or when one beam has a small frequency shift from the other. Two-wave mixing enables coupling of power from a strong pump wave into a weak signal wave, offering a form of amplification to the signal; the references in this section describe how it works. More is discussed in the section below on the photorefractive effect. 
Self-Phase Modulation (SPM)
Self-phase modulation is the broadening of the frequency spectrum of a pulse light when it travels through a thirdorder nonlinear medium. The time-dependent intensity creates a time-varying refractive index that produces a timevarying phase, the source of the frequency shift. While the effect can be seen in ordinary materials, fibers show particularly dramatic effects, and photonic crystal fibers do even more so. 
Cross-phase modulation (XPM)
XPM is a nonlinear optical effect where one wavelength of light can affect the phase of another wavelength of light through the third-order nonlinearity. This phenomenon is both a boon and a bane. It has proven useful for converting wavelengths in telecommunications, while it has also caused instabilities. It is closely related to FWM, as is the phenom-enon of cross-polarized wave generation. Most of these phenomena are more specifically described in papers on nonlinear effects in fibers.
81. "All-optical wavelength conversion by semiconductor optical amplifiers," T. Durhuus, B. Mikkelsen, C. Joergensen, S. Lykke Danielsen, and K. E. Stubkjaer, J. Lightwave Technol. 14, 942-954 ͑1996͒. Review paper. ͑I͒ 82. "Modulation instability induced by cross-phase modulation in optical fibers," G. P. Agrawal, P. L. Baldeck, and R. R. Alfano, Phys. Rev. A 39, 3406-3413 ͑1989͒. ͑I͒ 83. "Cross-phase modulation in multispan WDM optical fiber systems," R. Q. Hui, K. R. Demarest, and C. T. Allen, J. Lightwave Technol. 17, 1018-1026 ͑1999͒. ͑I͒
Optical fibers
While glass is not generally considered a nonlinear medium, optical fibers are long enough that the nonlinear refractive index can build up to create many orders of phase shift. In some cases the nonlinearities are considered a detriment to simple transmission, while in others these nonlinearities have been utilized for new interesting applications. Third-order nonlinearities are not the only nonlinear phenomena in fibers; stimulated scattering has a major impact on transmission and will be discussed below.
"The optical Kerr effect and quantum optics in fibers,"
A. Sizmann and G. Leuchs, Prog. Opt. 39, 373-469 ͑1999͒. Introduces basic concepts and extends them into the field of quantum optics, providing a nice introduction to how optical nonlinearities affect quantum optics in fibers. ͑E-A͒ 85. "Optical nonlinearities in fibers: Review, recent examples, and systems applications," J. Toulouse, J. Lightwave Technol. 23, 3625-3641 ͑2005͒. A well-written review of each of the nonlinear phenomena that can occur in fibers; shows how these nonlinearities affect fibers in telecommunications and sensor systems. ͑E͒ 86. "Parametric amplification and processing in optical fibers," S. Radic, Laser Photonics Rev. 2, 498-513 ͑2008͒. Analyzes high-confinement fibers with nearly vanishing chromatic dispersion providing highly nonlinear fiber ͑HNLF͒ used for parametric amplification; shows how nonlinearities in fibers can be maximized to make them useful. ͑A͒.
Optical solitons
A soliton is a pulse of light that propagates without spreading in time as it travels along a fiber. Its particular shape results from the time-dependence of the nonlinear refractive index overcoming the fiber dispersion. Solitons have been predicted to have important applications in fiber communication systems. 
Self-focusing and self-trapping
The nonlinear refractive index alters the spatial profile of a Gaussian beam, sometimes causing the beam to self-focus, sometimes forming a self-trapped beam ͑a spatial soliton͒, and sometimes causing the beam width to oscillate as the beam propagates through the nonlinear medium. When the beam self-focuses, its intensity increases to such an extent that other nonlinearities arise ͑stimulated Raman and Brillouin effects and self-phase modulation͒. The nonlinear wave equation introduced by the nonlinear refractive index is often unstable, leading to filamentation and extraordinarily rich spatial phenomena. However, in certain media the solutions are stable and generate spatial solitons, the analog of the temporal solitons discussed above. Bright solitons arise from Gaussian-like beams. Dark solitons arise from beams that have a region of minimum intensity within their Gaussian profile. 
"Femtosecond filamentation in transparent media
Cascaded nonlinearities
An effective nonlinear refractive index can be created in a harmonic-generating material in a geometry that is far from phase-matching. The rapid oscillation between the fundamental and harmonic causes a phase shift to the initial wave, which acts as a third-order nonlinearity. 
D. Absorptive nonlinearities
Absorption of intense optical beams may excite a substantial fraction of the species from their ground state; as a result, the absorption saturates. Alternatively, for nonabsorbing atoms or molecules, intense light may increase the probability that two-photon absorption takes place. In the latter case, two photons arriving at the same time may cause energy levels spaced at twice the photon energy to absorb the laser beam. Besides two-photon absorption, three-or more-photon absorption is possible. This leads to the possibility that an initially transparent medium becomes totally absorptive if the intensity is high enough. Photoinduced absorption causes optical limiting and can be important in protecting sensors ͑and eyes!͒ from high intensity light beams. Multiphoton ionization is an important factor in creating optically induced plasmas, such as recorded in the micro-bubbles that define the 3D image shown in Fig. 2 . The phenomena of saturable absorption and multiphoton absorption are treated separately below. First, however, review papers are offered that point out the inevitable relation between a change in absorption and a change in refractive index. Indeed, both nonlinearities often occur at the same time. 
Saturable absorption
The first reference gives experimental results on a typical saturable absorption nonlinearity and how it is used. One application for saturable absorption is mode-locking lasers, known for many years. More recently, saturable absorbers inside a Fabry-Perot resonator provide an output mirror that has been shown to be an excellent mode-locker, as described in the last two references.
G. Stimulated scattering
Raman scattering was well-known before lasers were invented. A small fraction of the light scattered from molecules has a frequency that is shifted from the incident frequency by the frequency of photoinduced molecular vibrations. Stimulated Raman scattering ͑SRS͒ occurs when light is intense enough that gain builds up at the Raman frequency. The first SRS was observed accidentally, emitted from a laser cavity that included the Raman-active liquid nitrobenzene; intense emission appeared at a wavelength longer than the laser intensity ͑so-called Stokes light͒. Experiments outside the cavity found that Stokes light could be amplified by SRS. Furthermore, the light-induced molecular vibrations can interact with additional incident light, causing growth of light at a frequency greater than the laser frequency, by an amount of the molecular vibration ͑so-called anti-Stokes light͒.
A closely related phenomenon is Stimulated Brillouin scattering ͑SBS͒. This works in the same way as SRS, but laser light creates and scatters from acoustic waves ͑the relation between SRS and SBS is analogous to the relation between optical and acoustic phonons͒. The first three references describe the theory behind SRS and SBS.
Both SRS and SBS can be detrimental to transmitting high power through condensed matter, particularly optical fibers. However, both phenomena can be useful. Raman-active media placed inside optical cavities can make excellent Raman lasers, providing wavelengths not otherwise reachable. Raman lasers can be fibers or all-solid-state. Stimulated Brillouin scattering is useful because it provides phase-conjugate reflection ͑as do photorefractive media͒ and has been used for wave-front correction. Stimulated Raman scattering has considerable value in spectroscopy, which will be described in a separate section below. 
H. Nonlinear optics and spectroscopy
Nonlinear spectroscopy uses multiple laser beams focused into a sample to create new beams because of nonlinear processes. This enables background-free and high resolution spectroscopy never seen before. Amplification of the stimulated Raman process enhances signals by many orders of magnitude. Indeed, nonlinear spectroscopy has revolutionized our understanding of atoms and molecules, with five Nobel Prizes directly related to this subject. Below are references to the excellent Nobel lectures in written form and, more recently, as videos. Also provided are review papers that highlight some of the most fruitful techniques. Numerous books and monographs have been published covering
IV. CONCLUSIONS
Nonlinear optics has become an enabling phenomenon for many practical applications, both in scientific investigations, in engineering, and even in commercial products. References have been provided for the basic concepts for nonlinear optics, as well as for its use in a few cases, particularly spectroscopy. Much more could have been included, such as nonlinear materials inside a resonant cavity ͑e.g., optical bistability͒, inside waveguides, spatial instabilities, and chaos in optical systems. Short pulses exhibit a wide variety of time-dependent nonlinear phenomena, such as selfsteepening, optical coherent transients, and electromagnetically induced transparency ͑EIT͒. Nonlinear optics is an important adjunct to quantum optics, including quantum information, quantum communications, and quantum computing. Nonlinear optics is used for laser cooling, trapping of neutral atoms, and Bose-Einstein condensation. Coherent control of atoms, molecules, and solid-state populations is being studied using nonlinear optical effects. I remind readers that numerous monographs and review papers have been written on most of these subjects, a list too long to evaluate here. Specific approaches to nonlinear optics and its applications can vary from quantum theory, atomic and molecular physics, condensed-matter physics, optical physics, chemistry, electrical engineering, and extend to other fields: biology, medicine, and engineering disciplines ͑mechanical, chemical, and aerospace͒. More information on books, articles, and websites pertaining to specific topics may be found using search engines on the web.
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